Abstract. In this work, it is shown that the product of lengths that are segments reserved to altitudes of orthocenter is constant in the Poincaré triangle. I defined to Carnot theorem Poincaré upper half plane.
Introduction
The Poincaré upper half plane geometry has been introduced by Henri Poincaré. Poincaré upper half plane is the upper half plane of the Euclidean analytical plane R 2 . Although the points in the Poincaré upper half plane are the same as the points in the upper half plane of the Euclidean analytical plane R 2 , the lines and the distance function between any two points are different. The lines in the Poincaré upper half plane are defined by a L = {(x, y) ∈ R 2 | x = a, y > 0, a ∈ R, a constant} half lines and c L r = {(x, y) ∈ R 2 | (x − c) 2 + y 2 = r 2 , y > 0, c, r ∈ R, c, r constant, r > 0} half circles.
If A=(x 1 , y 1 ) and B=(x 2 , y 2 ) are any two points in H then the Poincaré distance between these points is given by
The Poincaré upper half plane geometry is non-Euclidean, since it fails to satisfy the parallel postulate but satisfies all the remaining twelve axioms of the Euclidean plane geometry [2, 3, 4] . In this Poincaré upper half plane geometry, the lines and the function of distance are different, therefore, it seems interesting to study the Poincaré analogues of the topics that include the concept of distance in the Euclidean geometry. A few of such topics have been studied by some authors [1, [3] [4] [5] [6] [7] [8] [9] . In this work, it is shown that the product of lengths that are segments reserved to altitudes of orthocenter is constant in the Poincaré triangle. I defined to Carnot theorem Poincaré upper half plane. Lemma 4. In a neutral geometry the center and radius of a circle are determined by any three points on the circle [3, p.152].
Lemma 5. For any circle in a neutral geometry, the perpendicular bisector of any chord contains the center [3, p.153] We know that three altitudes of a triangle intersect at one point in the Euclidean geometry that is neutral geometry. Now, let us examine the validity of this statement in the Poincaré upper half plane.
Theorem 2. The three altitudes of a hyperbolic triangle intersect in a common point in the Poincaré upper half plane.
Proof. Let ABC be a triangle and let's draw a triangle A ′ B ′ C ′ that is the inverse medial triangle of triangle ABC. In other words, namely, triangle ABC is formed by joining the midpoints of the sides of the triangle A ′ B ′ C ′ (see Figure 1 ) and these midpoints are the corners of the triangle ABC. In Euclidean geometry that is neutral, there exists a unique circle passing through three vertices of the triangle A ′ B ′ C ′ and a center of this circle is the point of intersection of all altitudes of the triangle ABC (i.e. orthocenter of ABC). Since Poincaré upper half plane is a neutral geometry (see Lemma 3) there exists a unique circle passing through three vertics of the triangle A ′ B ′ C ′ (see Lemma 4) and the center of this circle is the intersection point of the perpendicular bisectors of the triangle A ′ B ′ C ′ (see Lemma 5) . Consequently, all altitudes of a hyperbolic triangle intersect in a common point in the Poincaré upper half plane. We find following equality from (5) and (6).
sinh F H sinh HC = sinh BH sinh HE = sinh AH sinh HD Furthermore, we can find three equalities.
Let us employ the sines theorem in the triangles ACF, ABE, respectively. sin β sinh AF = sin 90 sinh AC ,
sin β sinh AE = sin 90 sinh AB ,
If we put the value of sinβ of the equation (7) in the equation (8) then
We see F AH ∼ = DCH because of HDC ∼ = HF A (ASA). Let us employ the sines theorem in the triangles ADC, BCE, respectively.
sin θ sinh CD = sin 90 sinh CA ,
sin θ sinh CE = sin 90 sinh CB ,
If we put the value of sin θ of the equation (9) in the equation (10) then
Let us employ the sines theorem in the triangles ABD, CBF, respectively.
sin ξ sinh BD = sin 90 sinh BA ,
If we put the value of sin ξ of the equation (11) in the equation (12) then
Theorem 4 (Carnot Theorem). Let ABC be an arbitrary triangle in the upper half-plane, H -its hyperbolic orthocenter (see Theorem 2), altitudes AH, BH, CH intersect the opposite sides in points D, E, F, respectively (see Figure 2 ). There is the following correlation between lengths of two triples of disjoint segments cosh AF cosh BD cosh CE = cosh F B cosh DC cosh EA. If we take ratios the equations (13), (14) and (15) 
